Abstract. We give an elementary proof of a basic "energy" equality in the theory of evolution equations in the setting, which usually starts with introducing V ⊂ H = H * ⊂ V * .
The results like Theorem 1.4 and Corollary 1.5 are widely used in the theory of nonlinear (quasi-linear) parabolic partial differential equations satisfying a monotonicity condition. These results serve as an intermediate tool to achieve the goal of proving existence an uniqueness of solutions. Probably because of that the author could not find Theorem 1.4 and Corollary 1.5 in the above generality in the literature.
It seems the results like Theorem 1.4 and Corollary 1.5 first appeared in J.-L. Lions [3] when V was a Hilbert space. However, the energy equality (1.4) is not singled out because there were just no point in proving it. A different proof of the existence of H-continuous modifications using mollification in t is given in [4] . There the energy equality (1.4) is used as an obvious fact.
Then in Remark 2.1.2 on page 156 of J.-L. Lions [5] we read: Let V be a reflexive Banach space embedded into a Hilbert space H, V ⊂ H, with continuous embedding, and let V be dense in H; after identifying H with its dual and denoting V * the dual of V , on can identify H with a subspace of
, the function u is (after being modified on a set of measure zero) a strongly continuous H-valued function on [0, T ] and the mapping u → u(0) is onto H.
No further comments, references, or proofs are given, and in the author's opinion, for an inexperienced reader even to understand what exactly is claimed is a challenge. Is it assumed that p > 2 as in the title of the subsection 2.1.1? Of course, the above statement in [5] is just a side remark and cannot be regarded as a flaw of this book remarkable in all respects.
Similar situation we have with Remark 2.7.9 on page 236 of J.-L. Lions [5] , where
Still the claim is that the function u is (after being modified on a set of measure zero) a strongly continuous H-valued function on [0, T ]. Again no comments or proofs are given and how the trivial example of u t ≡ v ∈ V \ H is excluded is not clear to an inexperienced reader. We show a way to treat such situations in an almost trivial generalization of Corollary 1.5 in Section 3.
The only place where the author could find the proof of the results like Theorem 1.4 and Corollary 1.5 when V is not a Hilbert space is the article by F.E. Browder [1] , where V is a closed subset of W m p , p ∈ (1, ∞), hence a reflexive space. He considers the closure of the operator d/dt as an operator from X = L p (R, V ) to X * . However, his setting is quite different from the one based on V ⊂ H = H * ⊂ V * .
We decided to only concentrate on Theorem 1.4 and Corollary 1.5 and prove them in the most general setting requiring only basic knowledge of functional analysis to understand the statements and their rather elementary proofs. We do not assume that V is reflexive, or dense in H, or separable. Our main tools are some standard arguments from measure theory, Doob's remarkable theorem on approximation of Lebesgue integrals by Riemannian sums, and the following two formulas
The proofs given here are adaptations of the proof of Itô's formula for Banach space-valued stochastic processes from [2] , where p ∈ (1, ∞). Unlike [4] and [1] , in the stochastic setting approximating v t with functions smoother in time does not lead to anything reasonable and one could only use the tools mentioned above. It is worth noting that a different proof of Itô's formula for Banach space-valued stochastic processes is given earlier in [6] . This proof is based on Remark 2.1.2 on page 156 of J.-L. Lions [5] .
We first give two examples of applications of Theorem 1.4 in two border situations, then prove this theorem in Section 2. As pointed out above, in Section 3 we present a generalization of the main theorem in the case that V ∈ H.
Here is an example of application of Theorem 1.4 in which v * t is not strongly measurable as a V * -valued function. Example 1.7. For q ∈ [1, ∞) let ℓ q be the Banach space of sequences u = (u 0 , u 1 , ....) of complex numbers such that
and let ℓ ∞ be the Banach space of sequences such that
Also introduce H = ℓ 2 with the scalar product
Observe that V ⊂ H, v V ≥ v H , and consider the function
Obviously, v t is a V -valued strongly continuous, and hence measurable, function defined for t ≥ 0 and
and for any v ∈ V , v * t , v is measurable. By Theorem 1.4 with p = 2
This result is, of course, trivial in itself. What is remarkable though is that v * t is not a strongly measurable V * -valued function, and condition (i) in Assumption 1.2 is essential.
To prove this fact, it suffices to show that the set of values of v * t in V * as t belongs to any set of full measure in (0, T ) is nonseparable. We claim that a stronger assertion holds: for any s, t ∈ [0, 1], such that s = t, we have sup n=0,1,2,...
Assume that (1.6) is false, set r = t − s, and suppose without loss of generality that r > 0. Then, for any n = 0, 1, 2, ..., there exists an integer N n and a number φ n such that 2 n πr = 2N n π + πφ n , |πφ n | < 2π/3.
In short 2 n r = 2N n + φ n , |φ n | < 2/3.
Since r > 0, N 0 = 0 and φ 0 = r > 0. Then for
where [a] is the integer part of a, we have 2 n 0 r = 2 n 0 φ 0 and
It follows that in the representation 2 n 0 r = 2N n 0 + φ n 0 (= 2 n 0 φ 0 ) with smallest possible |φ n 0 |, either N n 0 = 0 and φ n 0 = 2 n 0 φ 0 > 2/3 or N 0 = 1 and φ n 0 = 2 n 0 φ 0 −2 ≤ −2/3. This is the desired contradiction proving our claim.
Here is an example where again V in non reflexive and p = 1.
Example 1.8. For n = 1, 2, ... set c n = 2 −n and for x ∈ I := (−π, π) and t ∈ [c n+1 , c n ) define k n = [ln 2 n], a n = 2 n−kn , v t (x) = (2 n+1 t − 1)c n sin(a n x) + (2 − t2 n+1 )c n+1 sin(a n+1 x).
Observe that u t is obtained by the linear interpolation on t ∈ [c n+1 , c n ) between the values at the end points, which are c n+1 sin(a n+1 x) and c n sin(a n x). The function v t (x) is defined in I × (0, T ), where T = 1/2. Note that
which is of order 2 n−2kn as n → ∞. The series 2 −2kn converges and this
is a Banach space with norm defined as the sum of norms in L 2 (I) and
2 (I). Finally, the first derivative of v t (x) with respect to t, say v * t (x), is a bounded function, so that v * t ∈ V * , and for v ∈ C 2 (I) vanishing at ±π, by Fubini's theorem we have
extends to a bounded linear functional on V with its norm bounded on (0, T ). By Corollary 1.5 the function v t extends to [0, T ] as a strongly continuous H-valued function equal to zero at t = 0. This is not a surprising result of course. However, observe that it follows from
(1.7) valid for t ∈ [c n+1 , c n ) , that there exists an absolute constant ε ∈ (0, 1/2) such that if t ∈ [c n (1 − ε), c n ), then the right-hand side of (1.7) is bigger than ε2 n−2kn . An easy consequence of this is that v · ∈ L p ((0, T ), 0 W 2 q (I)) for p, q ≥ 1 unless p = q = 1.
Proof of Theorem 1.4
The proof of Theorem 1.4 is based on three lemmas. The first one is just a reminder of part of basics of integration theory.
Lemma 2.1. Let F be a Banach space and let f t , t ∈ [0, T ], be a strongly measurable F -valued function such that for a q ∈ [1, ∞) we have
Set f t = 0 for t < 0 and t > T . Then
Proof. By definition, for any ε > 0 there exists an integer n, measurable sets A k ⊂ [0, T ], and g k ∈ F , k = 1, ..., n, such that, for
Also, it is known that for any measurable sets
By also taking into account that
we find
and the lemma is proved.
is the integer part of x ∈ R, n = 1, 2, ....
The following result, basically, belongs to J. Doob.
Lemma 2.2. Let the assumption of Lemma 2.1 be satisfied. Set f t = 0 for t < 0 and t > T . Then there exists a sequence of integers n k , k = 1, 2, ..., such that n k → ∞ and for almost any c ∈ (0, 1)
Proof. The function f t − f s F is a measurable function of (t, s). Hence, f t − f κ (±) (n,t+c)−c F are measurable as well for either sign + or -. By Fubini's theorem
where the last equality follows from the fact that f t − f t+κ (±) (n,c)−c F are periodic functions of c and one of their periods equals one.
Hence,
where
Observe that Ψ ±n (c) → 0 as n → ∞ for any c ∈ [0, 1] by Lemma 2.1. Furthermore, obviously
Hence in light of (2.2) and the dominated convergence theorem a(n, c) :
Then there is a subsequence n k → ∞ such that a(n k , c) → 0 for almost any c ∈ (0, 1). This is exactly what is asserted and the lemma is proved.
Remark 2.3. Observe that
the functions κ (±) (t)(n, x) are right-continuous piece-wise constant and have jumps at points k2 −n , k = 0, ±1, .... Also it is useful to note that, for a fixed c ∈ (0, 1), the graph of the function y = κ (−) (n, x + c) − c, x ∈ R, is obtained from the graph of y = κ (−) (n, x) − x, x ∈ R, by sliding the latter appropriately along the diagonal y = x in the direction of lesser values of the coordinates. Next, if we have a set C ⊂ (0, T ) of full measure, define D = C ∪(−∞, 0)∪ (T, ∞) and observe that for any k = 0, 1, 2, ... and n = 1, 2, ... the point k2 −n − c belongs to D for almost any c ∈ (0, 1). It follows that there exists a set C 0 of full measure in (0, 1) such that, for any c ∈ C 0 , all points k2 −n − c are in D for all k = 0, 1, 2, ... and n = 1, 2, ..., that is for any c ∈ C 0
Of course, we can take and fix c 0 ∈ C 0 so that (2.1) holds as well.
Lemma 2.4. Under the assumptions of Theorem 1.4 there exists a set C ⊂ (0, T ) of full measure such that the set v C := {v t : t ∈ C} is separable in the metric of V and equation (1.2) holds for any v ∈ v C and s, t ∈ C. Furthermore, if the sequence n k is taken from Lemma 2.2 with f t = v t , F = V , and q = p, then there exists c 0 ∈ (0, 1) such that (2.1) holds and all values of the functions
which lie in (0, T ), belong to C for any k, and the same is true for all points of jumps of these functions (coinciding with the values of χ (−) (k, t)).
Proof. Since v t is a strongly measurable V -valued function, there exists a set A ⊂ (0, T ) of full measure such that v A = {v t : t ∈ A} is a separable set in V . Let {v i , i = 1, 2, ...} be a countable subset of v A dense in v A in the metric of V .
Then observe that for each v = v i equation (1.2) holds for almost all (s, t) ⊂ A × A. Since we have only countably many v i 's, there exists a set B ∈ A × A of full measure such that, for any v = v i , equation (1.2) holds for all (s, t) ∈ B. By Fubini's theorem and in light of the fact that A has full measure, there exists s 0 ∈ A such that set C = {t ∈ (0, T ) : (s 0 , t) ∈ B}, has full measure in (0, T ). Since C ⊂ A, v C ⊂ v A , and v C is a separable subset of V .
Furthermore, by construction, for any v ∈ {v i , i = 1, 2, ...} and t ∈ C we have for almost all s, t ∈ [0, T ]. Here, for any v ∈ V , the left-hand side is a continuous functions of t, s owing to the strong continuity of u t in H. It follows that (2.10) holds true for any s, t ∈ [0, T ] and v ∈ V , and this brings the proof of the theorem to an end.
A generalization
Here we keep Assumption 1.2 and replace Assumptions 1.1 and 1.3 with the following ones. If F, G are Banach spaces, then by L(F, G) we denote the space of bounded linear operators from F to G.
